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I. INTRODUCTION 
In this paper, we first give a necessary and sufficient condition on the 2n- 
parameter family (pi, ti), i = l,..., n, pi > 0, ri > 0, for all the solutions of 
y’(t) + f pi y(t - Ti) = 0 
i=I 
(1) 
to be oscillating. 
Next, we give some more explicit sufficient conditions. We base our 
technique on the study of the characteristic equation; it can be extended in a 
certain way to some non-autonomous versions of (1). 
Our work stems from a paper by G. Ladas and I. P. Stavroulakis [6], who 
use another method to obtain sufficient conditions for the same class of 
equations: in fact, they look at positive solutions y of (1) and study the 
functions y(t)/y(t - ri): their method aims to overcome the lack of a charac- 
teristic equation in the non-autonomous case. Recently [5] the same authors 
and Y. G. Sficas obtained the necessary and sufficient condition for 
oscillation using their method. 
In fact, the consideration of such a quantity y(t)/y(t - r) is not new: it has 
already been made in other situations, notably in Arino-Seguier [ 1 ] and 
Gyiiri [2]. 
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Other contributions related to the field of oscillations for analogous 
classes of equations are a paper by M. I. Tramov in 1975 [7] and a recent 
paper by B. R. Hunt and J. A. Yorke [4]. 
II. THE AUTONOMOUS CASE 
PROPOSITION 1. A necessary and sufjcient condition for all the solutions 
Of 
y’(t) + 2 Pi Y(t - ti) = O? (1) 
i=l 
pi, zi positive, to be oscillating is that 
-<+A pi eXp(+&i) > 09 
i=l 
in which < is the unique solution of 
9 pizi exp(+Ar,) = 1. 
i=l 
If f(A) = -A + C pi exp(iri), L E iR, then l is the unique solution of 
f'(L) = 0 and the above result comes from the following lemma: 
LEMMA 1. Consider a linear scalar functional differential equation 
x’(t) = 1(x,). (2) 
Then all the solutions of (2) are oscillating tf and only tf the characteristic 
equation 4 = l(epa) of (2) has no real root. 
Proof of the lemma. It is clear that a real root L of the characteristic 
equation leads to a solution x(t) = Ae-*‘, which does not oscillate. On the 
other hand, suppose that there is no real root. 
Take any solution x of (2). From [3], we know that such a solution 
cannot go to zero at infinity faster than any exponential; this means that x1 
has a non-zero projection on at least one invariant generalized eigenspace 
and can be written as (see [3]) 
tk . eea’ ($, Aj cos(ajt + P,,) + O(tk * e-“‘), 
in which (a + iaj) is a root of the characteristic equation. Since 
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2 Aj cos(ajt + &) h as a zero mean value, it is an oscillating function, and 
since it is almost periodic it forces the complete solution to oscillate. 
Proof of Proposition 1. From Lemma 1, we know that Eq. (I) has only 
oscillating solutions if and only if the characteristic equation 
q(A) = -A + 5 pi exp +Ati = O 
i=l 
has no real root. This means that q(L) # 0, for each A in R. But q is a convex 
function since 
q”(L) = t pizi exp ;Ir, > 0, AE R. 
i=l 
The condition reduces to verify that the minimum of q is a positive value, 
which gives Proposition 1. 
EXAMPLES. 1. For n = 1, we easily find the necessary and sufficient 
condition 
PlS, > I/e given in [6]. 
2. For n = 2, and r2= 22, we have y’(t) + p1 y(t - 7,) + 
p2 y(t - 25,) = 0. The characteristic equation is now 
q(d) = -II + p,e+lT1 + pze+*“l 
then q’(n) = -1 + p1 z1 e+*“l + 2p27,e+2A’1. 
We look for the unique root of q’. Set 
The equation reduces to the following polynomial one, 
2p,7,x2 +p,slx- 1 =o, 
which has only one positive root 
x= -P171 + (Pf7: + 8P27d1’* 
4P271 
7 
which leads to 
-pItI + (p:t: + 8p27,)t" 
4P271 
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So, the necessary and sufficient condition in the proposition leads to 
-$Log 
-p,z, + (P:T: + 8~20’~ 
4P27, 
+c 
c 
-pItI + (PX + f3P2’1Y2 
4P2TL 1 
+&>O. 
I 
Remark. We could also find a necessary and sufficient condition in the 
form of a single inequality for t2 = 3r, or 22, = 3r,. 
In both cases, r can be obtained by solving a third-order polynomial 
equation; but, of course, this is impossible for t2 = ks, with k an integer 
greater than 4. 
In any case, these inequalities are not easily tractable, therefore it is of a 
practical interest to be able to find sufficient conditions. 
PROPOSITION 2. Consider Eq. (1): y’(t) + Cr= i pi ~(t - ri) = 0, where pi 
and ti are positive constants. Then each of the following is a sufficient 
condition for all the solutions of (1) to be oscillating: 
(a) pi . zi > I/e for some i, 
(b) Cy= 1 PiTi > l/e, 
(c) (C;=, pi) . 7 > l/e, where 7 = min{t,, i = l,..., n}, 
(d) <nl=l Pi)“” (C;=l Ti) > l/e, 
(e) (l/n”-’ )(C;=I (PiTi)“‘)’ > l/e. 
Remark. Notice that the conditions (a), (c), (d) and (e) have been given 
by Ladas and Stavroulakis [6]. 
(a) and (c) are an immediate consequence of (b), and (e) follows from (b) 
using the well-known inequality 
t t (PiTi) i= I 
1/p) < (1~~7~) I” . n”q, 
where l/p + l/q = 1. 
We have only to prove (b) and (d). This will be done using essentially two 
very simple facts: 
1. max,,, z . e-’ = l/e; 
2. the function z + en’ is convex. 
Our proof is based on the search for necessary conditions ensuring that the 
characteristic equation of (l), q(1) = 0, has a real root. 
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Proof of (b): suppose that q(A) = 0 for some real 1. From the convexity of 
the function, 
2 -+ eAL, 
we deduce that 
and multiplying by CF= I pi ri we obtain 
hence Cr=, piri < I/e. 
Proof of (d): Suppose once again that q(A) = 0 for some real 1. From the 
inequality Cj”= i tj > n ny= i tjl”‘, tj > 0, we deduce that 
Set r = Cy= I ti, p = (n;=, pi)‘ln, multiply by r, and it gives 
and so 
rp < l/e. 
III. THE NON-AUTONOMOUS CASE 
We now consider the equation 
Y’(t) + $J Pi(t) UCt - Ti> = O, 
i=I 
(1’) 
in which the pi’s are positive measurable functions and the ri)s are positive 
constants. 
Looking for solutions of the type y(t) = exp - j:,A(s) ds, we define the 
analog of a characteristic equation: 
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As in Section II, sufficient conditions for oscillation of the solutions of (1’) 
will be deduced from necessary conditions for the existence of real solutions 
of Q(n) = 0, that is, the existence of positive solutions of (1’). 
But to give simple criteria we will restrict our attention to Eq. (1’) for 
which the positive solutions-if they exist-have an exponential growth. 
Conditions for such a growth are given in the next lemma. 
LEMMA 2. Suppose that for some integer i, 1 < i < n, there exists ~7, 
~7 < ri, such that 
lim inf 
i 
7+x,: 
pi(S) ds > 0. 
I f 
(*I 
Let y be a positive solution of (1’); then, for any T > 0, there exists N > 0, 
such that 
Zf y is written as y(t) = exp s:, k(s) ds, ,I is non-negative and for any T > 0, 
there exists M such that 
Proof Integrate (1’) from t to +co. This gives 
Y(t) >J + m i Pj(s) Y(S - rjj> ds I j=l 
> 
(1 
t+Tf 
Pi(s) ds 1 
’ y(t + ri* - 5i), 
f 
with i and r: chosen so that the condition (*) is verified. This gives the 
conclusions of the lemma. 
To state conditions corresponding to those of Proposition 2, we introduce 
the following: 
1 
I  
p$ = lim inf Pi(s) ds z 
I - - r j  
I n 
p* = lim inf 1 c pi(s) ds, in which r = n&r ri. I f-T i=l i=l 
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For a real solution A of the non-autonomous characteristic equation 
Q(A) = 0, set 
J^ 
t 
Ai* = lim inf A(s) ds 
I t--r: 
1^ 
’ A*=liminf A(s) ds. 
I t--T 
From Lemma 2, AT and A* are bounded. 
PROPOSITION 3. Suppose that Eq. (1’) verifies (*). Then, each one of the 
following is a suflcient condition for the oscillation of all the solutions 
of (1’): 
(a’) p$ > l/e for some i, j, 
(c’) P* > l/e, 
(d’) [nlzl CyEl P;]“~ > l/e, 
(4 (l/n) * C?=‘=l PZ + (2/n) Ci+j,i<j dPm > l/e. 
Proof: Suppose 1 is a real solution of Q(A) = 0; from this equality, we 
deduce the inequalities 
(IQ)j 
(IQ) 
from which it follows immediately that 
P* < l/e, p$f < l/e. 
To prove (d’), we sum up the inequalities (IQ)j, 
and using-as in the proof of Proposition 2(d)-the inequality 
we see that 
122 
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To prove (e’), we put (IQ)i in the form 
and summing up these inequalities we obtain 
which completes the proof of Proposition 3. 
Remark. Our techniques apply-with the appropriate changes-to 
equations with advanced arguments. 
CONCLUSIONS 
We intended to show that the characteristic equation and its extension to 
non-autonomous equations are a convenient tool when looking for 
oscillations. In fact, it is the best one for autonomous equations since it then 
gives a characterisation; but in the non-autonomous case the extension works 
at least as well as the method given by G. Ladas et al. We think that it has a 
more natural extension to the non-scalar case: this will be considered in a 
future work. 
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